We consider non-relativistic curved geometries and argue that the background structure should be generalized from that considered in previous works. In this approach the derivative operator is defined by a Galilean spin connection valued in the Lie algebra of the Galilean group. This includes the usual spin connection plus an additional "boost connection" which parameterizes the freedom in the derivative operator not fixed by torsion or metric compatibility. As an example of this approach we develop the theory of non-relativistic dissipative fluids and find significant differences in both equations of motion and allowed transport coefficients from those found previously. Our approach also immediately generalizes to systems with independent mass and charge currents as would arise in multicomponent fluids. Along the way we also discuss how to write general locally Galilean invariant non-relativistic actions for multiple particle species at any order in derivatives. A detailed review of the geometry and its relation to non-relativistic limits may be found in a companion paper [1] .
Introduction
Newton-Cartan geometry was first developed shortly following the inception of general relativity in an attempt to phrase non-relativistic physics in a manner that respects general coordinate invariance [2, 3] and later developed further in [4] [5] [6] [7] [7] [8] [9] [10] . Initial studies concerned themselves with only the spacetime structure; however, recent applications in condensed matter physics have focused on covariantly coupling matter to this background. Perfect fluids in non-relativistic backgrounds were first studied in [11, 12] while applications to the fractional quantum Hall effect have proven exceptionally rich [13] [14] [15] [16] , ranging from gravitational anomalies to energy transport.
One of the principle benefits of the geometric approach is that it furnishes a collection of background data consistent with Galilean invariance that may be perturbed to covariantly define currents and study linear response. These include a "clock" one form n µ defining a preferred notion of spatial vectors and elapsed time as well as a "spatial inverse metric" h µν satisfying h µν n ν = 0.
(1.1)
In the presence of a conserved particle current, one also has the option to couple to a background U(1) connection A µ . In the case of a single Schrödinger field we then have
where D µ = ∂ µ − iA µ , h ij are the spatial components of the metric h µν and we have taken n µ = 1 0 for simplicity. It was noted in [17] that for this action to be invariant under arbitrary space and time dependent changes of coordinates, the vector potential must carry the anomalous transformation law
where ξ µ is an infinitesimal diffeomorphism. Though simple in form, the final term is rather curious as A µ does not transform as a one form. The origin of this term was properly isolated in [18] , identifying an implicit change in rest frame in the transformation above. The vector potential is then a true 1-form under diffeomorphisms,
while under a Galilean boost it transforms in the manner 5) where k µ is a spatial vector representing the boost velocity. The background data is then the triple (n, h, A) up to a boost transformation given by (1.5) . In this paper, we demonstrate that this is not the largest collection of data consistent with Galilean invariance and augment the background accordingly. Here e A µ is a veilbein transforming as a Galilean vector under local boosts and rotations and is equivalent in content to the clock form and spatial metric considered above. ω A µ B is a connection one-form valued in the Lie algebra of the Galilean group. It contains the usual spin connection ω µ ab = ω µ [ab] but also a "boost connection" ̟ µ a = ω µ a 0 which transforms under a choice of reference frame. This full connection 1-form was first introduced in the GR literature by Duval, Künzle and collaborators [9, 10] . We have also separated out the single gauge field appearing in previous treatments to two gauge fields a and A so that we may describe independent mass and charged currents. It is then the mass gauge field a that transforms in the manner (1.5), while the electromagnetic gauge field A is boost invariant.
This treatment also resolves a lingering concern present in recent scholarship on NewtonCartan geometry. Here, with the data (n, h, A) at hand, one may define a connection
where F = dA is the field strength of A. This has been the approach, for example, in recent studies of non-relativistic condensed matter systems [18, 19] and non-relativistic holography [20, 21] . Here v µ is a vector field parameterizing the choice of rest frame and h µν is defined by (2.22) . This connection is boost invariant and so defines a sensible, frame independent geometry in the absence of torsion, but fails to do so generically. However, the Galilean spin-connection ω A B defines an invariant derivative ∇ on all backgrounds. In a companion paper [1] , we consider the suite of possible constraints that may be placed on (1.6) in a boost invariant manner. In particular, the connection (1.7) may be obtained by the identification ̟ a ∧ e a = da.
(1.8)
When possible, this is a perfectly legitimate geometry and we do not take issue with results involving such a connection. However, we find that this may only be done when the torsion vanishes. In the torsionful case, one must work with the unconstrained geometry. One might reasonably hope that this issue may be avoided since torsion vanishes on a large class of physically relevant backgrounds 1 . However, studying energy transport requires the introduction of a Luttinger potential Φ [24] , which arises in the spacetime approach as temporal torsion [16, 25] . Thus if we hope to use Newton-Cartan geometry to study energy transport, we must know that our derivative operator respects Galilean invariance in such a background. To this end, we shall consider non-relativistic fluids coupled to (1.6) and perform an entropy current analysis and find results that do not agree with those of [19] . We begin in section 2 by reviewing the basics of Newton-Cartan geometry, boost transformations and representations of the Galilean group that will be needed for our later analysis. Section 3 then introduces the mass gauge field a and boost connection ̟ a . Before continuing on to fluids, we present in section 4 a brief detour through Galilean invariant actions and show how to write down actions for massive non-relativistic fields at any order in derivatives.
The approach is seen to be equivalent to null reduction, but is intrinsic to the Newton-Cartan spacetime. Finally we develop first order fluid dynamics in our approach, beginning with a manifestly boost covariant presentation of the full set of diffeomorphism Ward identities in section 5. Section 6 then presents the fluid equations of motion and performs the entropy current analysis. For multicomponent fluids, the results are summarized as follows (all coefficients are arbitrary functions of the temperature T , charge chemical potential µ Q and mass chemical potential µ M unless stated otherwise). The most general set of first order transport coefficients in the parity even sector includes four sign semi-definite functions: a bulk viscosity, shear viscosity, conductivity and thermal conductivity
as well as a thermo-electric coefficient
The parity odd sector contains a Hall viscosity, Hall conductivity, thermal Hall conductivity, thermo-electric Hall coefficient, magnetization and energy magnetizatioñ
The magnetization determines the magnetic field induced pressure via the coefficient
where p(ǫ, q, ρ) is the pressure as a function of energy, charge and mass density. Finally, there are two functions of only T and µ Q c T ,c Q (1.13) which determine three response coefficients: the parity odd response to a Luttinger potential Φ and the charge chemical potential µ Q
where here ∂ Q represents a derivative with respect to µ Q /T at constant T . In flat backgrounds with no Luttinger potential the constitutive relations are
where ρ µ is the mass current, j µ the charge current,ε µ the energy current andT ij the spatial stress and the fluid shear σ ij and expansion θ are defined by
The epsilon symbols are chosen with sign convention ǫ 12 = ǫ 12 = 1. In summarizing these results we have made the choice of fluid frame (6.71).
Galilean Symmetry
The salient feature of non-relativistic physics is that of Galilean relativity, which, in its most familiar form, asserts that the laws of physics do not depend on a choice of inertial reference frame. These frames are related by the Galilean transformations
Here Θ i j ∈ SO(d) determines the relative orientation and k i ∈ R d the relative velocity of inertial observers adopting coordinates (t, x i ) and (t ′ , x ′i ).
In curved space one in general loses a notion of inertial frames and preferred coordinate systems. Rather, one can define only coframes
which form a local basis of 1-forms on the spacetime manifold M, which we take to be d + 1 dimensional. which transforms via the inverse of (2.3),
It's easily seen from (2.3) and (2.5) that these transformations preserve the spacetime tensors
The natural geometric setting for non-relativistic physics thus involves a positive semidefinite symmetric (2, 0) tensor h µν and 1-form n µ . These tensors are related insofar as
These two fields are usually taken as the starting point in defining a Newton-Cartan geometry, though we have chosen rather to go through a veilbein formalism since this will prove most convenient for our later analysis. They have clear physical interpretations. The "clock-form" n µ defines a preferred notion of spatial direction at each point as well as an arrow of time: vector fields t µ such that
being future directed. Any curve γ also inherits a notion of elapsed time
while h µν serves as a spatial "inverse metric" 2 .
The clock form defines a pointwise notion of spatial directions via vectors w µ such that n µ w µ = 0. However, the Frobenius theorem tells us this notion may be integrated to a local codimension-1 hypersurface if and only if n ∧ dn = 0. For our non-relativistic spacetime to carry an (at least local) notion of simultaneity, we must then demand that this holds everywhere. There are far more pressing reasons to take n ∧ dn = 0 however, for a theorem due to Carathéodory [26] ensures the existence of closed timelike curves passing through any point violating this condition. To be precise, if n ∧ dn = 0 at the point p ∈ M, then there is a neighborhood U of p such that all points in U are spacelike with respect to p. We thus refer to spacetimes with n ∧ dn = 0 everywhere as causal and will only consider such spaces throughout.
In causal spacetimes, one may always choose coordinates such that n has no spatial components, and so the metric and clock form take the form
where h ij is everywhere a metric of Riemannian signature. 
The Galilean Group
as well as a "raised volume element"
We caution the reader however that ε µ 0 ···µ d is not obtained from ε µ 0 ···µ d by raising indices since the metric h µν is degenerate. These are both annihilated by the derivative operator that we shall define and in coordinates where (2.10) holds,
We can also naturally contruct an invariant spatial volume element (with raised indices only)
The Extended Representation
Another representation of Gal(d) will prove remarkably useful when we turn to writing Galilean invariant actions (section 4) as well as in presenting manifestly covariant fluid dynamics. Explicitly, it is of the form
where
We shall refer to this representation as the extended representation. It is d + 2 dimensional and has it's own set of defining invariant tensors
Here the indices I, J, . . . run from 0 to d + 1 and will always denote an object in the extended/dual-extended representation. The convention used in (2.17) is that the first row/column indicates the time component 0, the second indicates the full set of spatial components a and the final one the (d + 1) th component.
Although less familiar than the vector, the extended representation is often easier to work with since it admits the Lorentzian metric g IJ . Whenever working with this representation we will freely raise and lower indices with g IJ in the typical manner. Furthermore, any object in the extended representation may be projected to a Galilean vector via application of
which is also invariant under the action of Gal(d).
Timelike Vector Fields and Milne Symmetry
We thus see that non-relativistic geometries are naturally defined by a preferred clock-form n µ and a metric h µν that annihilates it. However, one thing that it cannot include is a preferred timelike vector field v µ , for any such field is equivalent to a preferred notion of rest 3 . It is nonetheless often convenient to introduce such a v µ for use in explicit formulas (for instance, in computing the Christoffel symbols) and is essential for writing time derivatives (and thus any dynamical equation -see section 4). We will always normalize v µ in the sense
Given such a v µ we may then define a transverse projector
whose upper index is n µ orthogonal and whose lower index is v µ orthogonal as well as a "lowered spatial metric" h µν that "inverts" the degenerate h µν to this projector
In coordinates (2.10) we have
Since v µ has no physical significance, there must be a symmetry under shifts by a spatial vector k µ so that (2.20) is preserved
This symmetry is often referred to in the literature as a "Milne boost" [27] , and the projector and lowered metric also transform under this redefinition 25) where 
Non-relativistic Geometry
To complete our description of non-relativistic spacetimes we also require a notion of parallel transport. This is specified via a connection ∇ that preserves the above data
In the Lorentzian case, metric compatibility completely determines the connection (up to torsion). Unfortunately, as is well known, (3.1) does not do so in a Newton-Cartan geometry and there are many distinct connections (even if we require vanishing torsion) all satisfying these conditions. Various authors have dealt with this ambiguity in different ways. In the recent condensed matter literature, this extra freedom has been fixed by introducing additional conditions to further constrain the connection. In [14] this was done by demanding the curl-freeness of the vector field v
The associated Christoffels are
where we have assumed torsion-freeness for simplicity. Of course, since v µ and h µν are not a boost invariant quantities, the connection so defined is not either.
As mentioned in the discussion below (1.7), recent works [18] have taken the approach that this freedom should be fixed by the field strength F µν of the gauge field coupling to particle current, asserting rather
giving Christoffels
where one of the F µν indices has been raised with a h µν . With the transformation law
this defines a boost invariant connection in torsion-free backgrounds. However, as discussed in [18] and reviewed in section 1, this is lost upon the introduction of torsion. The resulting notion of parallel transport then depends on a notion of rest frame and so is inconsistent with the principle of Galilean relativity. In [1] we consider the possible restrictions consistent with boost invariance that one may place on the connection and find limited freedom when the background is arbitrary. We thus take the point of view that the connection should not be restricted when studying energy transport.
Newton-Cartan Geometry
In our approach then, a Newton-Cartan geometry is a d + 1-dimensional manifold M with a collection (n, h, ∇) of a 1-form n µ , a rank-d positive semi-definite metric h µν , and a connection ∇ such that
The connection is then simply extra data above and beyond what appears in the clock-form and spatial metric and is boost invariant by definition. The additional data may be parameterized in a boost non-invariant way by introducing a v µ . It's derivative is some tensor
that includes information on the acceleration, shear, expansion and twist of the vector field v µ . The Christoffel symbols are then
where we have also included possible non-zero torsion T λ µν . These Christoffel symbols were recently derived in the formalism of Koszul connections in [28] . For a veilbein approach see [1] . Here Ω µν ≡ 2Λ [µν] involves the vorticity and acceleration of v µ , which contains the data unfixed by the torsion and (3.7). We shall refer to this as the Newton-Coriolis 2-form. One may check that under boosts, Ω transforms as
so that (3.9) is invariant even in the presence of torsion. In deriving (3.10) we have made liberal use of the identity ∇ λ h µν = −2Λ λ(µ n ν) which is an immediate consequence of the definitions.
In relativistic physics we work with Lorentzian geometry where the torsion may be chosen independently of the metric, but it is well known that the analogous statement is not true for non-relativistic physics. Anti-symmetrizing the expression ∇ µ n ν = 0 gives the condition
Although we expect dn = 0 on most physically relevant non-relativistic spacetimes 4 , it is useful to keep this torsion around at intermediate stages when studying energy transport. For this reason it is important to know that our geometry is sensible in the presence of torsion.
A Galilean Spin Connection
The data contained in a Newton-Cartan geometry can be equivalently stated purely in a veilbein formalism. In this approach, rather than the clock form n µ and spatial metric 4 dn = 0 is equivalent to a notion of absolute time. For details we refer to the discussion in [1] . which implies the usual transformation law for connections
for an arbitrary local Galilean transformation Λ A B . The curvature and torsion are then defined in the usual way 3.14) and are boost covariant. The compatibility conditions (3.1) then imply
That is, they are equivalent to ω A B being in the Lie algebra of the Galilean group gal(d)
where ω µab = ω µ [ab] . The spin part ω µ a b of the Galilean connection is familiar. It defines the connection on a spatial slice and may be used to covariantize actions involving fields that transform under local rotations through the covariant derivative
where J ab are the generators of rotations. The boost part ̟ µ a transforms as a vector under rotations but as
under boosts. It is the boost connection that parameterizes the freedom in the metric compatibility conditions and is equivalent to the tensor Λ µ ν considered earlier
It is then our point of view that a non-relativistic geometry is specified by the pair (e A , ω A B ), which is equivalent to the treatment of the previous section.
We shall occasionally find it useful to consider the spin-connection valued in the extended representation
Note that the I, J indices here indicate a homomorphism of ω 
Non-Relativistic Actions
We now have the necessary tools to present non-relativistic actions in a manifestly invariant manner. We begin with the Schrödinger action in d dimensional flat space
where D µ = ∂ µ − iqA µ is the electromagnetic gauge-covariant derivative. The obvious diffeomorphism covariant generalization of this expression to curved space is
where the integral includes an implicit factor of the volume element ε. For a spinful Schrödinger field, the covariant derivative will of course include the spin connection as mentioned above. One immediately retrieves (4.1) by going to flat space
and selecting a frame where v µ = 1 0 T . Unfortunately, this action makes explicit reference to v µ and so is not manifestly boost invariant. This problem necessarily arises whenever time derivatives are involved since the only diffeomorphism covariant expression that includes a ∂ 0 is v µ ∇ µ . However, the action can be made to be invariant by introducing a gauge field for mass,
that transforms in the manner
As presented this may seem ad hoc, however, a direct non-relativistic limit naturally identifies a µ with the lapse and shift and so corresponds to gravitational forces (see [1] ). The transformation (4.5) then naturally follows from an ambiguity in the ADM decomposition of a Lorentzian spacetime. In [18] , this gauge field was identified with the electromagnetic field. Effectively, this amounts to collecting a and A into the combination a + q m A, and so the treatment could only describe particles whose mass was tied to their charge. By separating a µ from A µ we have two independent symmetries U(1) M and U(1) Q and have the added benefit that we may describe non-relativistic systems whose components have multiple charge to mass ratios. We will exploit this added freedom in section 6 to generalize the analysis of [18] to fluids that have independent mass and charge currents.
The action (4.2) is boost invariant and a clear generalization of the flat space action. However it is a rather curious combination of one derivative terms, two derivative terms, and frame dependent quantities with precise factors of m to make everything work. It would be nice to know how to systematically generate such combinations at any order in derivatives. To address this problem, we begin by rephrasing (4.2) in a manifestly invariant manner. The result (4.9) is essentially equivalent to a null reduction and may also be found in equation (3.23) of [18] . However, this will teach us how to select the proper Galilean invariant combinations of time and space derivatives at any order we choose.
We shall eventually wish to work with multiple particle species, so let M denote the generator of U(1) M and Q denote that of U(1) Q , which we will take to be anti-hermitian. For our single field ψ we have for instance Mψ = imψ and
is U(1) M ×U(1) Q gauge covariant, but not boost covariant and the time and space derivatives
These can however be collected into a derivative valued in the dual of the extended representation (2.17)
The obvious two derivative quadratic action is then
which upon expanding yields precisely (4.2). The form clearly mirrors that of null compactification, where g IJ plays the role of the higher dimensional metric and (4.8) is the derivative operator in that space. The identification D d+1 = im follows by retaining only modes of momentum m in the compactified circle. The advantage of this presentation however is it compactly describes the action (4.2) in a manner intrinsic to the non-relativistic spacetime. This is a simple rewriting; the true benefit of collecting D 0 ψ and D a ψ into D I ψ is that it's now clear how to generalize the precise cancellations in (4.2) to arbitrary boost invariant actions of any order in fields and derivatives. To do so, we extend the definition (4.8) to a derivative operator D I on tensors in the extended representation 
It's now a simple exercise in index contraction to write down Galilean invariant actions of any order k in derivatives. Given a collection of fields ψ i in some representation of
where all indices have been contracted using the invariant tensors g IJ and n I .
As an example, consider the term
In flat space this gives rise to
which one may explicitly check to be invariant under global boosts. The spin connection is not necessary to form globally invariant flat space actions, but is needed to get the proper local boost invariant action, supplying the necessary terms involving derivatives of v µ via (3.19).
Ward Identities
In preparation for the fluid analysis of section 6, we now turn to the Ward identities associated with diffeomorphism invariance. These merely express local momentum and energy conservation and serve as the equations of motion for thermodynamic variables upon taking the hydrodynamic limit [29] . So far as we can tell, they were first derived in this language in the work of [30] , which specialized to flat geometries and latter augmented to include a curved metric h ij in [31] . The full diffeomorphism covariant Ward identities on arbitrary backgrounds were first spelled out in [25] , but the treatment was not boost invariant, including a stress tensor and energy current that depended on a choice of v µ . This was resolved in [18] , which first defined a boost invariant, diffeomorphism covariant stress-momentum tensor and stated its Ward identity without reference to v µ . The work-energy equation however can only be stated in a boost invariant way in the presence of a boost invariant vector field u µ , for instance in the presence of a fluid [19] . Our approach is essentially equivalent other than issues concerning the connection already discussed, but we take the time to restate these identities in a language that will prove useful to us later on. The only mild innovation is that we collect the stress tensor, energy current, momentum current, and mass current into a single object τ 
The Stress-Energy Tensor
To do this we begin by comparing (2.17) and (4.5), noting that the veilbein e A µ and mass gauge field a µ may be collected into a single object e 
rely essentially on a choice of v µ , but now are seen to naturally arise in the single object
Here and in what follows a tilde will be affixed to those currents measured in the "lab frame" defined by v µ .T a b is the response to the variation of the purely spatial components of the veilbein and so corresponds to the spatial stress.p b is the momentum current, is purely spatial and as we shall see is equal to the spatial mass currentρ b when matter is not charged under boosts, a fact that we will assume in the remainder of this section. We shall refer to τ µ I as the stress-energy tensor for convenience, despite the fact that it contains data beyond energy and stress.
Diffeomorphisms
In the presence of massive charged fields, the background fields are then an extended veilbein e I , a spin connection ω A B and the electromagnetic gauge field A. Their transformations under infinitesimal diffeomorphisms ξ are the standard ones
where ι ξ F represents the contraction ξ ν F νµ etc. We have defined an extended torsion tensor
T I includes the full information on the spacetime torsion T A defined in (3.14) as well as a "mass" torsion f = da − ̟ a ∧ e a . We shall see that f couples to the mass current as an external field strength and so should not be thought of as a Newtonian gravitational force, which is encoded within the covariant derivative (see [1] for a more detailed discussion of Newtonian gravity in relation to our geometry). The transformations (5.5) differ from covariant expressions by a U(1) Q gauge transformation −ι ξ A and an infinitesimal local Galilean transformation ι ξ ω A B . Since our theory is assumed to be gauge and local Galilean invariant we may perform a simultaneous diffeomorphism, U(1) Q and Gal(d) transformation, under which we have
Variation of the action then yields the Ward identity . One might worry about the appearance of a µ in the first term. However, if mass is conserved (as we shall always assume), the explicit a µ term drops out, as it multiplies the Ward identity
which follows in the usual way upon a U(1) M gauge variation δa = dΛ M . Of course, charge conservation follows as well from δA = dΛ Q
Despite the deceptive appearance of the mass gauge field, we shall find (5.8) very useful owing to it's manifest boost invariance. Equation (5.8) contains both the work-energy equation and momentum conservation equation of previous works. To get a sense of this equation, the reader may find (6.31) helpful, where these components are isolated and rendered in a more familiar form for fluid systems. Finally, we note that since we have defined the stress and spin currents in a veilbein formalism, our stress is a response to a shear at fixed ω µ A B , which necessarily introduces torsion T A = De A . The physical stress tensor rather measure response to a shear at fixed spatial torsion. The proper redefinition of currents will introduce additional terms into the Ward identity involving double derivatives of the spin current and so will not enter into our calculations with the power counting scheme we will adopt. For this reason we shall also drop the final term in the Ward identity.
Local Boosts
It is well known that Galilean symmetry fixes the momentum to the flow of matter. The relevant Ward identity to demonstrate this is that of infinitesimal local boosts, under which we have from which we havep
Interestingly we see that the oft-cited non-relativistic identity between the mass and momentum currents may be violated in the presence of matter that couples to the boost part of the spin connection ω a 0
Here J ab are the generators of rotations and K a of boosts, which, together with translations P a , time translations H and mass M, close to form the Bargmann algebra [32] [ 
Non-Relativistic Fluids
In this section we turn to non-relativistic fluid dynamics to illustrate the advantages of our approach. The program of fluid dynamics is to describe the fluctuations of thermodynamic variables in slightly out of equilibrium media. These variables include the temperature and velocity u µ as well as a chemical potential for each conserved charge. For us, there are two such quantities, the electric charge and mass, whose associated chemical potentials we will denote µ Q and µ M (µ M being the same boost invariant µ M defined in [19] ). In all we have d + 3 degrees of freedom
where the velocity has been normalized so that n µ u µ = 1. The equilibrium properties of the system are then completely characterized by an equation of state such as p(T, µ Q , µ M ), which expresses the pressure as a function of the state variables. The entropy, charge, mass, and energy densities are then defined by dp = sdT
Just out of equilibrium, the thermodynamic variables are allowed to vary slowly in space and time, where slow is compared to the mean free path and mean free time so that a local equilibrium is always a good approximation. The Ward identities
are then sufficient to serve as equations of motion since they are the same in number as the thermodynamic variables. We need only constitutive relations for the currents in terms of these degrees of freedom and their derivatives. Since we are perturbing away from equilibrium, these constitutive relations naturally organize themselves in a gradient expansion where higher derivatives of (6.1) take on diminishing importance. To complete our power counting scheme one needs also specify the backgrounds to be perturbed around. In this paper we shall assume a trivial background in equilibrium so that
are all first order in derivatives. This is not a unique selection and corresponds to a choice of regime in which we expect our results to be applicable. One may for example consider backgrounds of large constant magnetic field in which B appears at zeroth order and the analysis will be significantly altered. The constitutive relations so obtained are not in general sensible and could lead to an onshell decrease in entropy, the canonical example being that of a negative shear viscosity [29] . As such we must also impose the second law of thermodynamics as an additional constraint on fluid flows, diminishing the freedom present in the gradient expansion and returning a reduced set of transport coefficients. This procedure has been carried out in many systems including 2 + 1 dimensional relativistic normal fluids [36] and 3 + 1 dimensional relativistic superfluids [37] .
In this paper we will work only to first order in derivatives to illustrate our method in the non-relativistic setting. It's well known that even at first order, the dynamics is very rich in the parity odd sector when d = 2 and so we shall eventually restrict to two dimensional fluids.
Although our calculation is very much along the lines of [19] , there are two key differences. The first is the existence of an independent mass current, a necessary element for treating systems with multiple components. One might for example consider mixtures of He-3 and He-4 in their normal phases. It shouldn't be surprising that such systems admit a richer transport sector. In this work we find that a multicomponent fluid admits one additional sign semi-definite transport coefficient, one additional unconstrained parity even coefficient and three additional parity odd transports compared to the single component fluid. A succinct overview of these results may be found in section 6.8. Our second point of divergence is that stressed in section 1 and we will be using an connection without the kinematical restrictions imposed in previous works.
Covariant Currents
As we've already noted, the currents come naturally assembled into a single stress-energy tensor τ µ I . However, in the presence of a boost invariant fluid velocity u µ we may go further and define Galilean frame invariant notions of energy and stress separately. Heuristically, this corresponds to defining them to be as measured in a frame co-moving with u µ . In this section, we demonstrate the details of how to do this. Our approach in this regard is essentially equivalent to that found in [19] , though we restate it here in our language. These currents at hand, we parse the Ward identity (5.8) into something a bit more familiar: the work-energy and Navier-Stokes equations.
To begin, consider the fluid velocity as measured with respect to some lab frame
The existence of a preferred u A allows us to define P
We shall also make use of
which projects extended indices to transverse vector indices. Any vector index be decomposed uniquely into a part parallel to u A and perpendicular to n A , while an dual vector index may be decomposed into a part parallel to n A and perpendicular to u A . For instance, for a vector v A and covector w A we may write
where v ′A n A = u A w ′ A = 0. We should like to perform a similar decomposition for extended indices I for which we have the preferred vector
However, n I is a null vector of the Lorenztian metric g IJ and is thus perpendicular to itself, making the above procedure impossible. In Lorentzian geometry one usually continues by introducing a second null vector l I whose inner product with n I is 1, though such a l I is not unique. One can then decompose any index into parts parallel to n I , parallel to l I , and perpendicular to both. Luckily in the presence of a background fluid, there is a preferred way to select such a vector. We will define u I in the extended representation so that is both null u I u I = 0 and projects to the fluid velocity in the sense u A = Π A I u I . In components, the u I so defined is of the form
and automatically satisfies n I u I = 1.
Using this extended velocity vector, we now decompose the lower index of τ A I into parts parallel to n I , parallel to u I and perpendicular to both
where by definition t Altogether we have
We can invert this definition to find
These are the boost invariant currents we shall use in the fluid analysis and can be so defined whenever there exists a preferred velocity vector to draw on. They correspond to the energy, mass current, momentum and stress as measured by an observer comoving with the fluid. The relation to the component decomposition (5.4) is
(6.14)
where we have used the Ward identityp a =ρ a . We note that ε A is simply the Milne invariant energy current defined in [19] . We now turn to restating the Ward identity (5.8) in terms of these currents. To simplify matters, we shall now take v µ = u µ so that u A = 1 0 T and define the transverse projector and inverse metric accordingly.
A few words on torsion are due before we proceed. Throughout we shall restrict to backgrounds in which there is no spatial torsion. Spatial torsion is necessary in the study of media with dislocation defects, where the presence of torsion simply indicates a nonzero Burgers vector [23, 38] (for a classic discussion of dislocations in elastic media see [22] ) and would be an interesting element to include in future work. For our purposes however, the fluid analysis is greatly simplified by discarding it.
The minimal temporal torsion (3.11) may also be set to zero by assuming the clock-form is closed. Although this is the case in all physically relevant situations, temporal torsion is useful for studying energy transport [39] as it is equivalent to coupling the system to a Luttinger potential [24] . As noted previously, our formalism also allows for a non-zero "mass" torsion f = da − ̟ a ∧ e a which will be zero on physical backgrounds. Although including mass torsion in our analysis will not prove as fruitful as temporal torsion, there is no essential difficulty in doing so and so we keep it around. The boost covariant manner in which we set spatial torsion to zero but keep these effects is a decomposition of the extended torsion tensor T I along the lines of the previous section, keeping only components parallel to n I and u
where G = dn and γ = f + u a T a − 1 2 u 2 G. This decomposition would in general obtain a third term that is both n and u orthogonal corresponding to spatial torsion in the comoving frame but which we have set to zero here. The spacetime torsion tensor is then T λ µν = u λ G µν , whose pullback to a slice is zero if we assume n ∧ dn = 0. The Ward identity for diffeomorphisms then becomes
We see that G serves as a field strength coupled to energy and γ a field strength coupled to mass. We have also defined G µ = −G µν u ν = T ν νµ . Now supplement the decomposition (6.12) of the stress-energy with one of the extended veilbein
where by definition
A straightforward computation then shows that
The a µ term drops out of the equation of motion as it multiplies the continuity equation for mass. The rest then reads
Contracting with u µ we have
are the field strengths observed by co-moving observers. The final term is rather mysterious looking but can be easily evaluated
In the second line we have used that D ν n I = 0, n I u I = 1 and u I D ν u I = 0 and in the third line that D ν Π A I = 0. The acceleration, shear and expansion of the fluid appearing in the above formula are defined as
which is the work-energy equation, including work done by the external fields as well as dissipated by fluid shears. This matches exactly the covariant work-energy equation as it appears in [25] and [18] except for the additional mass current that couples to γ µν . To obtain the Navier-Stokes equation we raise the µ index on (6.20)
The stress tensor term on the LHS is evaluated as
Similar manipulations to (6.23) gives
A I q Iµ = h λµ so that the final term drops out. To evaluate the first term we have
Rearranging the vector equation of motion and using the mass conservation Ward identity we have
where ρ = n λ ρ λ .
In summary, we may restate the Ward identities in terms of the covariant currents as a work-energy equation and Navier-Stokes equation, plus conservation laws
Perfect Fluids
The Ward identities (6.31) serve as dynamical equations once constitutive relations have been supplied, specifying the currents j µ , ρ µ , ε µ and T µν in terms of the thermodynamic degrees of freedom
At zeroth order in derivatives, the most general tensors we can construct using these variables and the Newton-Cartan structure are
Here q, ρ, ǫ and p are functions of (T, µ Q , µ M ). They are identified with the thermodynamic charge density, mass density, energy density and pressure and so satisfy the relations (6.2). Feeding these into the Ward identities (6.31) we obtain the perfect fluid equations of motionq + qθ = 0,ρ + ρθ = 0,ǫ + (ǫ + p)θ = 0,
In these equations and those that follows dotted objects indicate the material derivative, f = u µ ∇ µ f . The final equation is simply Newton's second law and an obvious covariant generalization of Euler's equation [29] . It expresses the fact that fluid particles will tend flow along geodesics, deviating only due to the exertion forces from external background fields and internal pressure.
Fluid Frames
To go beyond perfect fluids one needs to expand the currents to first order in derivatives. The constitutive relations are then the perfect fluid ones plus O(∂ 1 ) corrections
In the above the vector corrections are defined to be transverse
while the tensor correction is traceless
(π µν is of course already transverse since T µν is). This is convenient as it separates the first order corrections into irreducible representations of SO(d).
The decomposition (6.35) is subject to a well known ambiguity stemming from the need to define T , µ Q , µ M and u µ out of equilibrium. Any such definition is admissible so long as it reduces to the equilibrium values at order zero and so is subject to a d + 3 parameter O(∂ 1 ) field redefinition
called a frame transformation (not to be confused with a Galilean frame transformation).
To deal with this ambiguity we may either fix the frame by imposing extra conditions, or work in a manifestly frame invariant manner. Frame transformations are worked out in [19] (see [40] for a relativistic treatment) and in this section and the next, we refer the reader to this treatment for the details. For our purposes we only note that (besides those related to the entropy) the complete set of first order frame invariants is
Although we shall usually take p to be a function of temperature and the chemical potentials, here we have taken p = p(ǫ, q, ρ) and the partial derivatives ∂ ǫ , ∂ q and ∂ ρ are defined accordingly. Note we have an additional vector frame invariant compared to either the relativistic case or non-relativistic single-component fluids due to the presence of the conserved current ρ µ .
The Entropy Current
It is convenient to separate out the first order entropy current into a "canonical part" and corrections. Here the canonical part is defined to be that combination of currents chosen to match the equilibrium identity (6.2)
Out of equilibrium the entropy flow will in general deviate from the canonical part
This separation is helpful since s µ can is a frame invariant, and so ζ µ is as well. It's divergence is a quadratic form in first order data
(6.42)
Constitutive Relations
All the necessary tools are now available to carry out the analysis outlined at the beginning of this section: first write out the most general constitutive relations for the first order frame invariants and then impose the second law of thermodynamics. We shall take d = 2 throughout. The formulae will prove somewhat simpler if we instead take our independent variables to be
In terms of ν Q and ν M , the thermodynamic identities read dp
Now consider the available first order data
Separating into irreducible representations of SO (2) we have
Recall that by ε µν we mean the "spatial volume element" ε µνλ n λ , which is boost invariant.
Not all this data is independent on-shell. We may thus use the Navier-Stokes equation to eliminate one vector degree of freedom and one scalar each for mass conservation, charge conservation and the work-energy equation. The eliminated data is indicated by parentheses in the above table.
The above amounts to a decomposition of ∇ µ u ν of the form
Had we used the restricted connection such that 2g α[µ ∇ ν] v α = −F µν not all this data would be independent, but α µ would be identified with the electric field and ω with the magnetic field. Also note that we have not included a "torsional magnetic field" G = 1 2 ε µν G µν in the list above since this is zero on causal backgrounds. One could certainly include this and compute away, but we do not particularly trust our results when there is no notion of time evolution.
In particular the second law of thermodynamics would be essentially meaningless. In either case, the point is moot as including a nonzero G does not introduce further constraints. Finally, the most general first-order constitutive relations for the frame invariants consistent with spacetime symmetries are
In this we have defined the "dual" operatioñ 
Entropy Current Analysis
Now let's move on to determining those constraints that result from imposing the second law of thermodynamics
Start by considering the genuine second order data in the entropy production
where we have used the identities
The first is just Faraday's law and is equivalent to the closedness of F (note we do not have a corresponding identity for γ). The second similarly follows from dG = 0 as well as n ∧ dn = 0. We conclude that all the coefficients listed above must vanish and so ζ µ only has contributions from the remaining parity odd part
53)
The rest of the divergence of ζ µ is then
To untangle the differential constraints, begin by defining
These then read
This leads to two consistency relations on the four functions (6.57)
The first comes from comparing the final component of the second equation to the first component of the third while the second follows from comparing the final component of the first equation to the second of the third. Relabelingh M = T ∂ Mg for someg these then read
Integrating, we find that everything is determined in terms of the two arbitrary functionsf andg, as well as two functions of only two variablesc
One may immediately verify this solution satisfies our two consistency conditions (6.59) . Plugging this all into (6.58) we find
Summary of Results
This solves the full set of restrictions imposed by the second law. Before summarizing results, the following redefinition of transport coefficients will simplify the final answer
after which frame invariants are
The most general set of first order transport coefficients are then as follows. There are four sign semi-definite functions of all three thermodynamic variables
These are the bulk viscosity, shear viscosity, conductivity and thermal conductivity, all of which are zero for dissipationless fluids. One sign indefinite parity-even coefficient exists, a thermo-electric coefficient
The parity odd sector is richer as usual, including six unconstrained parity odd coefficients
a Hall viscosity, Hall conductivity, thermal Hall conductivity, thermo-electric Hall coefficient, magnetization and energy magnetization.m also determines the magnetic induced pressurẽ
Finally, there are two functions of only T and ν Q c T ,c Q (6.69) which determine three response coefficients: the parity odd response to the Luttinger potential and the charge chemical potential
To get a feel for these results, it's helpful to fix a fluid frame and write the results for the non-covariant currents defined in (5.4). We choose our frame so the physical mass, charge and energy correspond with the thermodynamic ones and the velocity is that of the mass current
The frame invariants J µ and E µ are then simply the first-order deviations ν µ and ξ µ . Using (6.14) to retrieve the non-covariant currents from this data we have
),
In the above E i is defined to be the electric field in the lab frame so that the comoving electric field defined above is
θ and σ ij are the curved space quantities defined in (6.47) . Using the connection (3.9) we find that 
Results for a Single Component Fluid
A single component fluid satisfies additional constraints since the charge and mass currents are proportional and we investigate these constraints in this section. Since this is also the case of applicability for [19] it will allow for a direct comparison of our results. Let the single constituent be of charge e and mass m. The charge density and mass density are then related to a single function n, the number density q = en, ρ = mn (6.76) and the thermodynamic relation (6.44) takes the form dp = ǫ + p T dT + T ndν (6.77) where ν = eν Q + mν M is the total chemical potential. All thermodynamic functions must be a function of this combination. Sincec T andc Q are a function of just T and ν Q , this implies that they are in fact functions of only T . Now since mν µ = eµ µ , the vector frame invariant J µ is zero which gives the restrictions
This simplifies E µ to
Since we cannot have dependence on ν Q outside of the combination ν, the second to last term must be zero andκ Q = T 2m′ .
We take Tm In terms of these coefficients, the frame invariants are This differs from the results of [19] in the inclusion of an energy magnetization as well as different relationships among the coefficientsf B ,κ E andκ Φ . We have also checked the results for lowest Landau level fluids [39] with the alterations to the derivative operator discussed here and found that they survive without change, though this is not obvious at intermediate stages of the calculation. The only change to the calculation would then be in the available first order data, which is augmented in our approach. However, a detailed calculation does show that the new terms drop out after the entropy current analysis and we retrieve the previous results.
Outlook
In this paper we have considered the most general geometric backgrounds consistent with local Galilean invariance and developed the theory of first order dissipative fluids on such a background. This formalism at hand, there are a number of prospects for further investigation. One direct application would be to perform the fluid analysis carried out here for more general systems. Non-relativistic superfluids and superfluid/normal fluid mixtures as arise for instance in partially condensed superfluid Helium and it would be interesting to see the restrictions imposed by Galilean symmetry. Kubo formula's for the transport coefficients discussed here should also be derived so that they may be computed from a microscopic flat space theory.
We have also presented a program for writing down invariant actions of massive fields that realize the Galilean group linearly. These are not however the most general actions consistent with non-relativistic symmetries. For instance, when matter is charged under boosts ψ → e ik a Ka ψ one may write down a non-relativistic form of the Dirac equation that is linear in both time and space derivatives [35] . One might also consider systems with spontaneously broken symmetries in which the Galilean group is realized non-linearly on a collection of Goldstones. It's long been understood how to write down the most general actions for a non-relativistic Goldstones to lowest order in derivatives [41] but we believe use of the extended representation will prove useful in constructing actions to any order.
It would also be instructive to consider the most general effective actions one may write in terms of the background fields (e A , ω A B , a, A). Consider for example the (universal sector of the) effective field theory of the fractional quantum Hall effect [14, 15, 42] ,
where ω = 1 2 ε ab ω ab . This is a perfectly sensible effective action for the background fields (A, e a ) and useful for studying electric and viscous transport.
However, studying massive transport also requires coupling to the U(1) M gauge field a. Since the microscopic action for a minimally coupled single component system always contains A and a in the combination A + m q a (see equation (4.6)) one might expect that the correct effective action contains only this function of A and a. The resulting action is however not boost invariant and so physically unacceptable.
Upon identifying boost transformations with the anomalous diffeomorphisms of [17] , this problem is essentially the one considered in [13] . Here the action is improved order by order in derivatives so as to impose invariance. It would be nice to see how to do this in the language we have presented here.
